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Abstract
Let 𝜃 be an irrational number. Rotation on the circle 𝑆1 by an angle of 2𝜋𝜃 gives a
minimal dynamical system. To this, one can associate a 𝐶∗-algebra 𝐴𝜃 called the
irrational rotation algebra. In this note, we shall show it is a complete invariant of
the dynamical system by computing the image of the unique induced trace map

on 𝐾0(𝐴𝜃).

Conventions: All 𝐶∗-algebras are unital and all ∗-homomorphisms send the 1 to 1.

1 Irrational Rotations and their Algebra
We begin by observing that it makes no difference to simply work with an irrational number
𝜃 ∈ [0, 1] acting by addition on ℝ/ℤ due to the isomorphism of topological groups 𝑡 ↦ 𝑒2𝜋𝑖𝑡.
With this in mind, we make the following definition.

Definition 1.1. Let 𝑋 = ℝ/ℤ and 𝜃 ∈ [0, 1]. We write (𝑋, 𝜃) for the dynamical system on 𝑋
given by 𝜑 : 𝑋 → 𝑋, 𝜑(𝑡) = 𝑡 + 𝜃.

The dynamical system (𝑋, 𝜃) will thus correspond to rotation by an angle of 2𝜋𝜃 on
𝑆1 ⊆ GL(1,ℂ).

We now turn to the question of which choices of 𝜃 give equivalent (that is to say, topologically
conjugate) dynamical systems. Clearly, on the circle the choice to rotate clockwise or counter-
clockwise should not matter. More precisely,

Proposition 1.2. Let 𝜃 ∈ [0, 1] be an irrational number. Then (𝑋, 𝜃) is topologically conjugate
to (𝑋, 1 − 𝜃).

Proof. Let 𝜑 and 𝜑′ be the rotations from (𝑋, 𝜃) and (𝑋, 1 − 𝜃) respectively, and let
𝜓 : 𝑋 → 𝑋, with 𝜓(𝑡) = −𝑡. The latter is well-defined and an involution. So we must show that
𝜓 ∘ 𝜑 ∘ 𝜓 = 𝜑′, i.e. for all 𝑡 ∈ 𝑋, −(−𝑡 + 𝜃) = 𝑡 + 1 − 𝜃. But this is true since the representatives
differ by 1. □

Our main result is that this is the only case.

Theorem 1.3. Let 𝜃, 𝜃′ ∈ [0, 1] be irrational numbers. Then the following are equivalent:
(i) (𝑋, 𝜃) is topologically conjugate to (𝑋, 𝜃′).
(ii) 𝜃 = 1 − 𝜃′
(iii) ℤ + ℤ𝜃 = ℤ + ℤ𝜃′

The equivalence of (ii) and (iii) is clear and we have just seen (ii) implies (i). Our goal will be
to show (i) implies (iii). We begin by defining the key invariant.
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Definition 1.4. Let (𝑋, 𝜃) be an irrational rotation and let 𝜑 : 𝑋 → 𝑋 be the rotation map. Then
there is an induced operator 𝑉 ≔ (𝜑∗)−1 : 𝐻 → 𝐻, where 𝐻 ≔ 𝐿2(𝑋) is the 𝐶∗-algebra of square
integrable functions on 𝑋 with respect to the uniform Haar measure. Let 𝑀 : 𝐶(𝑋,ℂ) → 𝐵(𝐻)
be the ∗-homomorphism sending a continuous function 𝑓 to the operator 𝑀𝑓 ∈ 𝐵(𝐻) defined
by 𝑔 ↦ 𝑓𝑔. We define the (concrete) irrational rotation algebra 𝐴𝜃 as 𝐶∗(𝑀(𝐶(𝑋,ℂ)), 𝑉 ).

Theorem 1.5. If (𝑋, 𝜃) is topologically conjugate to (𝑋, 𝜃′), then 𝐴𝜃 ≅ 𝐴𝜃′ .

To prove this theorem, we must first establish some properties of 𝐴𝜃.

By the complex version of the Stone-Weierstrass theorem, we have that 𝐶(𝑋,ℂ) = 𝐶∗(𝑧),
where 𝑧 : 𝑋 → ℂ is 𝑡 ↦ 𝑒2𝜋𝑖𝑡. Since 𝑀  is a ∗-homomorphism, we have that 𝐴𝜃 = 𝐶∗(𝑀𝑧, 𝑉 ).
Notice that 𝑧𝑧 = 𝑧𝑧 = 1, so 𝑈 ≔ 𝑀𝑧 is unitary. The elements 𝑧𝑛 (that is the classes in 𝐿2(𝑋)
of 𝑡 ↦ 𝑒2𝜋𝑛𝑖𝑡) for 𝑛 ∈ ℤ are an orthonormal Hilbert space basis for 𝐻, so the fact that
𝑉 (𝑧𝑛) = 𝑒−2𝜋𝑛𝑖𝜃𝑧𝑛 implies that 𝑉  is unitary. We have the following important relation:

𝑈𝑉 = 𝑒2𝜋𝑖𝜃𝑉 𝑈 (1.1)

This motivates the following definition.

Definition 1.6. An abstract irrational rotation algebra for a given irrational 𝜃 ∈ [0, 1] is a triple
(𝐴, 𝑈, 𝑉 ), with 𝐶∗-algebra 𝐴, 𝑈, 𝑉  unitary elements of 𝐴 which generate it and satisfy (1.1).

Proposition 1.7. (Universal abstract irrational rotation algebra): There exists an abstract
irrational rotation algebra (𝒜𝜃, 𝑈̃ , 𝑉 ) for 𝜃 ∈ [0, 1] such that for any other abstract irrational
rotation algebra (𝐴, 𝑈, 𝑉 ), there is a ∗-homomorphism 𝑓 : 𝒜𝜃 → 𝐴 with 𝑓(𝑈̃) = 𝑈 and
𝑓(𝑉 ) = 𝑉 .

Proof. Consider the set¹ 𝐼 of pairs of unitary operators (𝑈, 𝑉 ) on a Hilbert space satisfying
(1.1). So to every element 𝛼 ∈ 𝐼 , we associate 𝐻𝛼 a Hilbert space and 𝑈𝛼, 𝑉𝛼 the unitary
operators. Consider ℋ≔⨁𝛼∈𝐼 𝐻𝛼 and the induced unitary operators 𝑈̃ , 𝑉  on 𝐻. We define
𝒜𝜃 = 𝐶∗(𝑈̃ , 𝑉 ) ⊆ 𝐵(ℋ). Now let (𝐴, 𝑈, 𝑉 ) be an abstract irrational rotation algebra. There
exists a faithful ∗-representation 𝜋 of 𝐴 on a Hilbert space. Together with the images 𝜋(𝑈), 𝜋(𝑉 ),
this is one of the elements of 𝐼 . Thus given a non-commutative polynomial 𝑝 ∈ 𝑇(ℂ4),
‖𝑝(𝑈, 𝑉 , 𝑈∗, 𝑉 ∗)‖ = ‖𝑝(𝜋(𝑈), 𝜋(𝑉 )), 𝜋(𝑈)∗, 𝜋(𝑉 )∗)‖ ≤ ‖𝑝(𝑈̃ , 𝑉 , 𝑈̃∗, 𝑉 ∗)‖ by the faithfulness of 𝜋
and the construction of 𝑈̃ , 𝑉 . The following lemma completes the proof. □

Lemma 1.8. Let 𝐴,𝐵 be 𝐶∗-algebras, 𝐴 generated by elements 𝑥1,…, 𝑥𝑛,
and 𝑦1,…, 𝑦𝑛 ∈ 𝐵 such that for all non-commutative polynomials 𝑝 ∈ 𝑇(ℂ2𝑛)
‖𝑝(𝑦1,…, 𝑦𝑛, 𝑦∗1,…, 𝑦∗𝑛)‖ ≤ ‖𝑝(𝑥1,…., 𝑥𝑛, 𝑥∗1,…, 𝑥∗𝑛)‖, then there is a well-defined ∗-
homomorphism 𝑓 : 𝐴 → 𝐵 with 𝑓(𝑥𝑖) = 𝑦𝑖 (𝑖 = 1,…, 𝑛).

Proof. Let 𝐴′ ⊆ 𝐴 be the ∗-subalgebra generated by 𝑥1,…, 𝑥𝑛. Then for any 𝑎 ∈ 𝐴′,
there is a polynomial 𝑝 ∈ 𝑇(ℂ2𝑛) such that 𝑎 = 𝑝(𝑥1,…, 𝑥𝑛, 𝑥∗1,…, 𝑥∗𝑛). We define
𝑓 ′(𝑎) = 𝑝(𝑦1,…, 𝑦𝑛, 𝑦∗1,…, 𝑦∗𝑛). This is well-defined since if there were another polynomial 𝑝′
with which to represent 𝑎, then

‖𝑝(𝑦1,…, 𝑦𝑛, 𝑦∗1, .., 𝑦∗𝑛) − 𝑝′(𝑦1,…, 𝑦𝑛, 𝑦∗1, .., 𝑦∗𝑛)‖ ≤ ‖𝑝(𝑥1,…, 𝑥𝑛, 𝑥∗1, .., 𝑥∗𝑛) − 𝑝′(𝑥1,…, 𝑥𝑛, 𝑥∗1, .., 𝑥∗𝑛)‖ = 0

since 𝑝 − 𝑝′ is also a polynomial, hence 𝑓 ′ is a well-defined ∗-homomorphism 𝐴′ → 𝐵. Notice
that the inequality also shows that 𝑓 ′ maps Cauchy sequences to Cauchy sequences. By our

¹This does not actually form a set, however the pairs needed for the proof to work do.
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hypothesis on 𝑥1,…, 𝑥𝑛, 𝐴′ ↪ 𝐴 is the Cauchy completion of 𝐴′, so 𝑓 ′ extends uniquely to a ∗
-homomorphism 𝑓 : 𝐴 → 𝐵. Clearly 𝑓(𝑥𝑖) = 𝑦𝑖. □

Remark 1.9. The ∗-homomorphism of Proposition 1.7 is also unique since 𝑈̃  and 𝑉  generate
𝒜𝜃. This implies in turn that all universal irrational rotations algebras (for fixed 𝜃) are
canonically isomorphic.

We now study the² universal irrational rotation algebra 𝒜𝜃, starting with a useful family of
automorphisms.

Let 𝜆, 𝜇 ∈ ℂ with |𝜆| = |𝜇| = 1. Then 𝜆𝑈̃, 𝜇𝑉  are both unitary and still satisfy (1.1). Define
𝜌𝜆,𝜇 : 𝒜𝜃 →𝒜𝜃 as the unique ∗-homomorphism with 𝜌𝜆,𝜇(𝑈̃) = 𝜆𝑈̃  and 𝜌𝜆,𝜇(𝑉 ) = 𝜆𝑉 . Notice
that 𝜌𝜆,𝜇 ∘ 𝜌𝜆,𝜇 = 𝜌𝜆,𝜇 ∘ 𝜌𝜆,𝜇 = Id, so they are automorphisms of 𝒜𝜃.

Lemma 1.10. Fix 𝑋 ∈ 𝒜𝜃. Then the map 𝑓 : 𝕋2 →𝒜𝜃, (𝜆, 𝜇) ↦ 𝜌𝜆,𝜇(𝑋) is continuous.

Proof. This is clear for 𝑋 which are non-commutative polynomials in 𝑈̃±1 and 𝑉 ±1 (reduces
to closure of continuous functions under algebraic operations). For an arbitrary 𝑋 ∈ 𝒜𝜃,
one can find a sequence (𝑋𝑖 = 𝑝𝑖(𝑈̃ , 𝑉 , 𝑈̃∗, 𝑉 ∗))𝑖∈ℕ, 𝑝𝑖 non-commutative polynomials, which
converges to 𝑋. Since the 𝜌𝜆,𝜇 are ∗-automorphisms, they are isometric so the supremum norm
sup𝜆,𝜇∈𝕋 ‖𝜌𝜆,𝜇(𝐴) − 𝜌𝜆,𝜇(𝐵)‖ is just ‖𝐴 − 𝐵‖ for any 𝐴,𝐵 ∈ 𝒜𝜃, hence the continuous functions
given by the 𝑋𝑖 converge uniformly to the continuous function given by 𝑋, which must then
be continuous. □

Now we define the following two operators on 𝒜𝜃:

Φ1(𝑋) = ∫
1

0
𝜌1,𝑒2𝜋𝑖𝑡(𝑋)𝑑𝑡 Φ2(𝑋) = ∫

1

0
𝜌𝑒2𝜋𝑖𝑡,1(𝑋)𝑑𝑡

where this is just the Riemann integral of a continuous Banach space valued function on [0, 1].

Proposition 1.11. Φ1 is a contractive, positive, idempotent and faithful linear
map with image 𝐶∗(𝑈̃). For any 𝑛,𝑚 ∈ ℤ, Φ1(𝑈̃𝑛𝑉 𝑚) = 𝛿0𝑚𝑈̃𝑛. For any 𝑋 ∈ 𝒜𝜃,
Φ1(𝑋) = lim𝑛→∞ 1

2𝑛+1∑
𝑛
𝑗=−𝑛 𝑈̃

𝑗𝐴𝑈̃−𝑗. For Φ2, the same results hold with 𝑉  switched with 𝑈̃

Proof. Linearity is clear. It is contractive since for any 𝑋 ∈ 𝒜𝜃,
‖ ∫1
0
𝜌1,2𝜋𝑖𝑡(𝑋)𝑑𝑡‖ ≤ ∫

1
0
‖𝜌1,2𝜋𝑖𝑡(𝑋)‖ 𝑑𝑡 ≤ ‖𝑋‖ since the 𝜌𝜆,𝜇 are isometric. If 𝑋 is positive, then

so is 𝜌1,2𝜋𝑖𝑡 for all 𝑡 ∈ [0, 1], so all the Riemann sums approximating Φ1(𝑋) are positive. Since
the set of positive elements in a 𝐶∗-algebra is closed, Φ1(𝑋) is also positive. If 𝑋 is also non-
zero, 𝜌1,2𝜋𝑖𝑡(𝑋) will be as well for all 𝑡, and since these are positive the integral will be non-zero³,
hence Φ1 is faithful.

Given 𝑛,𝑚 ∈ ℤ, one simply computes

Φ1(𝑈̃𝑛𝑉 𝑚) = ∫
1

0
𝜌1,𝑒2𝜋𝑖𝑡(𝑈̃𝑛𝑉 𝑚)𝑑𝑡 = (∫

1

0
𝑒2𝜋𝑖𝑚𝑡𝑑𝑡)𝑈̃𝑛𝑉 𝑚

The integral is 𝛿0𝑚 from which the desired equality follows. From this, one sees the image of
Φ1 is in 𝐶∗(𝑈) and that it is idempotent.

²This makes sense given Remark 1.9
³According to the proof of [1, Theorem VI.1.1, p. 168]. I could not verify this myself.
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For the last formula, first notice that function which assigns to 𝑋 the expression on the RHS is
continuous and linear, since it is a uniform limit of the continuous linear functions. Since Φ1 is
also linear and continuous, it is enough to prove the equality for a monomial 𝑈̃𝑛𝑉 𝑚, 𝑛,𝑚 ∈ ℤ.
In this case we have

1
2𝑛 + 1

∑
𝑛

𝑗=−𝑛
𝑈̃ 𝑗(𝑈̃𝑛𝑉 𝑚)𝑈̃−𝑗 = 1

2𝑛 + 1
∑
𝑛

𝑗=−𝑛
𝑒2𝜋𝑖𝑗𝑚𝜃𝑈̃𝑛𝑉 𝑚

by applying (1.1) 𝑗𝑚 times to move 𝑗 𝑈̃s to the right of the 𝑚 𝑉 s. It is enough now to show
that lim𝑛→∞ 1

2𝑛+1∑
𝑛
𝑗=−𝑛 𝑒

2𝜋𝑖𝑗𝑚𝜃 = 𝛿0𝑚 The equality is clear for 𝑚 = 0. Suppose 𝑚 ≠ 0, then
since 𝜃 is irrational, 𝑒2𝜋𝑖𝑚𝜃 ≠ 1. We have that

𝑒2𝜋𝑖𝑚𝜃 ∑
𝑛

𝑗=−𝑛
𝑒2𝜋𝑖𝑗𝑚𝜃 = ∑

𝑛

𝑗=−𝑛
𝑒2𝜋𝑖𝑗𝑚𝜃 + 𝑒2𝜋𝑖(𝑛+1)𝑚𝜃 − 𝑒−2𝜋𝑖𝑛𝑚𝜃

whence

𝑒2𝜋𝑖𝑚𝜃 − 1
2𝑛 + 1

∑
𝑛

𝑗=−𝑛
𝑒2𝜋𝑖𝑗𝑚𝜃 = 𝑒

2𝜋𝑖(𝑛+1)𝑚𝜃 − 𝑒−2𝜋𝑖𝑛𝑚𝜃

2𝑛 + 1

The limit of the norm of the RHS as 𝑛 → ∞ is clearly 0, and since 𝑒2𝜋𝑖𝑚𝜃 − 1 ≠ 0, we thus have
lim𝑛→∞ 1

2𝑛+1∑
𝑛
𝑗=−𝑛 𝑒

2𝜋𝑖𝑗𝑚𝜃 = 0. The proofs are essentially the same for Φ2 and 𝑉 . □

Theorem 1.12. The universal irrational rotation algebra 𝒜𝜃 is simple.

Proof. Suppose 𝐼 ⊆ 𝒜𝜃 is a non-zero ideal. Then there is a positive element 𝑋 ∈ 𝐼 . Then
Φ1(𝑋) = lim𝑛→∞ 1

2𝑛+1∑
𝑛
𝑗=−𝑛 𝑈̃

𝑗𝑥𝑈̃−𝑗 is also in 𝐼 , and by the same argument Φ2(Φ1(𝑋)) ∈ 𝐼 .
However, since Φ2 ∘ Φ1 maps monomials of 𝑈̃ , 𝑉  into ℂ ⋅ 1 and are both positive and faithful,
we have that Φ2(Φ1)(𝑋) = 𝑎 ⋅ 1, 𝑎 ≠ 0, so 𝐼 = 𝒜𝜃. □

Corollary 1.13. All non-zero abstract irrational rotation algebras for a fixed 𝜃 are canonically
isomorphic. In particular, the concrete irrational rotation algebra 𝐴𝜃 is universal.

Due to the canonical isomorphism, we may use freely the results and functionals on (𝒜𝜃, 𝑈̃ , 𝑉 )
with (𝐴𝜃, 𝑈, 𝑉 ).

Proof of Theorem 1.5. Let 𝜑 and 𝜑′ denote the rotation maps for (𝑋, 𝜃) and (𝑋, 𝜃′) repsectively,
and suppose a homeomorphism 𝜓 : 𝑋 → 𝑋 gives a topological conjugacy, i.e. 𝜓 ∘ 𝜑 = 𝜑′ ∘ 𝜓,
which gives ℤ-equivariance. Applying this for −1 gives 𝜓(𝑡 − 𝜃) = 𝜓(𝑡) − 𝜃′. 𝑈 ′ ≔𝑀𝑧∘𝜓 and 𝑉
are unitaries which generate 𝐴𝜃, since 𝜓 is a homeomorphism. For any 𝑓 ∈ 𝐿2(𝑋) we have

(𝑈 ′𝑉 )(𝑓) = 𝑒2𝜋𝑖𝜓(𝑡)𝑓(𝑡 − 𝜃), (𝑉 𝑈 ′)(𝑓) = 𝑒2𝜋𝑖𝜓(𝑡−𝜃)𝑓(𝑡 − 𝜃) = 𝑒−2𝜋𝑖𝜃′ ⋅ 𝑒2𝜋𝑖𝜓(𝑡)𝑓(𝑡 − 𝜃)

So 𝑈 ′, 𝑉  satisfy (1.1) for 𝜃′, hence 𝐴𝜃 is a non-zero abstract irrational rotation algebra for 𝜃′,
so 𝐴𝜃 ≅ 𝐴𝜃′ □

2 Traces and 𝐾0
First, we recall the positive homomorphism from the 𝐾0 group of an algebra to the real numbers
induced by a trace.

Definition 2.1. Let 𝐴 be a 𝐶∗-algebra and 𝜏 : 𝐴 → ℂ a linear map. We say that 𝜏 is a trace
on 𝐴 iff 𝜏 is bounded, positive and satisfies 𝜏(𝑥𝑦) = 𝜏(𝑦𝑥) for any 𝑥, 𝑦 ∈ 𝐴. It is a tracial state
if in addition 𝜏(1𝐴) = 1.
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Example 2.2. The usual trace on the matrix algebra 𝑀𝑛(ℂ) is a trace in the sense of Definition
2.1. Scaling by 1𝑛  yields a tracial state (in fact, the only one for 𝑀𝑛(ℂ)). More generally, given
𝐴 a 𝐶∗-algebra and 𝜏  a trace on 𝐴, the map 𝜏 (𝑛) : 𝑀𝑛(𝐴) → ℂ, 𝜏 (𝑛)((𝑥𝑖𝑗)) = ∑

𝑛
𝑖=1 𝜏(𝑥𝑖𝑖) is

a trace.

From the defining properties, we get the following result (see also the discussion in [2, p. 46]).

Proposition 2.3. Let 𝜏 be a trace on a 𝐶∗-algebra 𝐴. The 𝜏 (𝑛), 𝑛 ≥ 0 from Example 2.2 fit
together to define a map 𝜏 (∞) : 𝑀∞(𝐴) → ℂ. The restriction of this map to projections in 𝑀∞
has image in the positive real numbers, sends 0 to 0, sends direct sums to sums, and if 𝑃 ,𝑄
are Murray-von Neumann equivalent projectors, 𝜏 (∞)(𝑃 ) = 𝜏 (∞)(𝑄). In particular, there is an
induced positive homomorphism 𝜏∗ : (𝐾0(𝐴),𝐾0(𝐴)+) → (ℝ,ℝ+). If 𝜏 is a tracial state, then 𝜏∗
is a state with respect to the order unit [1𝐴].

Proposition 2.4. There is a unique tracial state on 𝐴𝜃.

Proof. Existence: From Proposition 1.11, we see that Φ1 ∘ Φ2 sends the ∗-subalgebra of 𝐴𝜃
generated by 𝑈, 𝑉  to ℂ ⋅ 1. Since this space is closed, it is also the image of Φ1 ∘ Φ2,
and using the identification ℂ ∋ 𝑎 ↦ 𝑎 ⋅ 1 ∈ 𝐴𝜃, we get a linear, positive bounded functional,
which we write 𝜏 . By continuity and linearity, it suffices to verify the relation 𝜏(𝑥𝑦) = 𝜏(𝑦𝑥)
with 𝑥, 𝑦 monomials in 𝑈, 𝑉 . We have 𝜏((𝑈𝑘𝑉 𝑙)(𝑈𝑚𝑉 𝑛)) = 𝑒−2𝜋𝑖𝑙𝑚𝜃𝜏(𝑈𝑘+𝑚𝑉 𝑙+𝑛) and
𝜏((𝑈𝑚𝑉 𝑛)(𝑈𝑘𝑉 𝑙)) = 𝑒−2𝜋𝑖𝑛𝑘𝜃𝜏(𝑈𝑘+𝑚𝑉 𝑙+𝑛) Both are zero unless 𝑘 +𝑚 = 𝑙 + 𝑛 = 0, so
equality is automatic in this case. If 𝑘 +𝑚 = 𝑙 + 𝑛 = 0, then we have 𝑘𝑛 = 𝑙𝑚, so again the
equality holds. It is a tracial state since 𝜏(1) = 𝜏(1 ⋅ 𝑈0𝑉 0) = 1.

Uniqueness: Let 𝜎 : 𝐴𝜃 → ℂ be a tracial state. Then by linearity, continuity (it is bounded) and
invariance under conjugation (follows from 𝜎(𝑥𝑦) = 𝜎(𝑦𝑥)) we must have for all 𝑋 ∈ 𝐴𝜃

𝜎(𝑋) = lim
𝑛→∞

𝜎( 1
2𝑛 + 1

∑
𝑛

𝑗=−𝑛
𝑈 𝑗𝐴𝑈−𝑗) = 𝜎(Φ1(𝐴))

and by the same argument, 𝜎(𝑋)) = 𝜎(Φ2(𝑋)). Therefore

𝜎(𝑋) = 𝜎(Φ2(𝑋)) = 𝜎(Φ1(Φ2(𝑋))) = 𝜎(𝜏(𝑋) ⋅ 1) = 𝜏(𝑋)𝜎(1) = 𝜏(𝑋)

□

The uniqueness implies that the image of 𝜏∗ in ℝ is an invariant of 𝐴𝜃. To prove (𝑖) ⇒ (𝑖𝑖𝑖)
from Theorem 1.3, we will show that this image is ℤ + ℤ𝜃. The first step towards this is the
following theorem of Rieffel:

Theorem 2.5. For every 𝛼(0, 1) of the form [𝛼] = [𝑘𝜃] in ℝ/ℤ, there is a projection 𝑃 ∈ 𝐴𝜃
with 𝜏(𝑃 ) = 𝛼.

Proof. Let 𝑓 ∈ 𝐶(ℝ/ℤ,ℂ). For a real number 𝑎, write 𝑓𝑎 for 𝑓(𝑡 − 𝑎). 𝑀𝑓 ∈ 𝐶∗(𝑈) ⊂ 𝐴𝜃 can
be written out as a Fourier series, and applying 𝜏  will give the zeroeth Fourier coefficient
by Proposition 1.11, i.e. 𝜏(𝑀𝑓) = ∫

1
0
𝑓(𝑡)𝑑𝑡. For an element of the form 𝑀𝑔𝑉 +𝑀𝑓 +𝑀ℎ𝑉 ∗,

𝑓, 𝑔, ℎ ∈ 𝐶(ℝ/ℤ,ℂ) the trace would be the same. We use this form as an ansatz for a projection.
Self-adjointness means that

𝑀𝑔𝑉 +𝑀𝑓 +𝑀ℎ𝑉 ∗ = 𝑉 ∗𝑀𝑔 +𝑀𝑓 + 𝑉𝑀ℎ = 𝑀𝑔−𝜃𝑉
∗ +𝑀𝑓 +𝑀ℎ𝜃𝑉
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gives necessary and sufficient functional equations 𝑓 = 𝑓 , i.e. 𝑓 is real-valued, and
𝑔(𝑡) = ℎ(𝑡 − 𝜃). By a similar argument (which is better left unwritten) idempotence (and the
above relation of 𝑔 and ℎ) gives necessary and sufficient the functional equations

𝑔(𝑡)𝑔(𝑡 − 𝜃) = 0 (2.1)

𝑔(𝑡)(1 − 𝑓(𝑡)) − 𝑓(𝑡 − 𝜃) = 0 (2.2)

𝑓(𝑡) − 𝑓(𝑡)2 = |𝑔(𝑡)|2 + |𝑔(𝑡 + 𝜃)|2 (2.3)

To begin with we solve this system in the case 0 < 𝜃 < 1
2  with a judicious choice of 𝑓 . Since

𝜃 < 1
2 , one can fix an 𝜀 > 0 such that 𝜃 + 𝜀 < 1

2  and 𝜀 < 𝜃. Let

𝑓(𝑡) ≔

{
{
{
{
{
{
{ 𝑡
𝜀 0 ≤ 𝑡 ≤ 𝜀
1 𝜀 ≤ 𝑡 ≤ 𝜃
𝜃+𝜀−𝑡
𝜀 𝜃 ≤ 𝑡 ≤ 𝜃 + 𝜀

𝑡
𝜀 𝜃 + 𝜀 ≤ 𝑡 ≤ 1

It is piecewise continuous (on the obvious pieces) and they agree on boundaries, so it is
continuous. One also sees that ∫10 𝑓(𝑡)𝑑𝑡 = 𝜃. Its partner is defined as follows

𝑔(𝑡) = {√𝑓(𝑡) − 𝑓(𝑡)
2 𝜃 ≤ 𝑡 ≤ 𝜃 + 𝜀

0 otherwise

(2.1) is clear from 𝜀 < 𝜃; the supports of 𝑔 and 𝑔𝜃 do not meet. By construction
𝑓(𝑡) + 𝑓(𝑡 − 𝜃) = 1 for 𝑡 ∈ [𝜀, 2𝜃]. The support of 𝑔 is contained in this interval, so (2.2)
follows. 𝑓(𝑡) − 𝑓(𝑡)2 is non-zero exactly on (0, 𝜀) and (𝜃, 𝜃 + 𝜀), which is also precisely when
𝑔(𝑡 + 𝜃) and 𝑔(𝑡) are non-zero respectively, and this gives (2.3). Thus we have the projection
𝑃 = 𝑀𝑔𝑉 +𝑀𝑓 +𝑀𝑔−𝜃 with 𝜏(𝑃 ) = 𝜃. This is summarised in Figure 1.

In the case 𝜃 > 1
2 , 1 − 𝜃 <

1
2 , so we can find find a projection 𝑃  in 𝐴1−𝜃 with 𝜏(𝑃 ) = 1 − 𝜃. But

since 𝐴1−𝜃 ≅ 𝐴𝜃 and 𝜏  is unique, the corresponding 𝑃 ′ in 𝐴𝜃 will be such that 𝜏(𝑃 ′) = 1 − 𝜃, so
1 − 𝑃 ′ is our desired projection. Finally, for any 𝛼, with [𝛼] = [𝑘𝜃], 𝐶∗(𝑈, 𝑉 𝑘) is the irrational
rotation algebra for [𝑘𝜃] ∈ [0, 1]. So we find 𝑃  in it with 𝜏(𝑃 ) = 𝛼, but by uniqueness, this 𝜏  is
simply the restricted 𝜏  from 𝐴𝜃, and we are done. □

Figure 1: Graphs demonstrating the functional equations based on [1, Figure VI.1.1, p. 172]

Corollary 2.6. The image of 𝜏∗ : 𝐾0(𝐴𝜃) → ℝ contains ℤ + ℤ𝜃.
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Proof. Any element 𝑥 ∈ ℤ + ℤ𝜃 can be written as 𝑎 + 𝛼, with 𝑎 ∈ ℤ and 𝛼 as in Theorem 2.5.
The image of 𝜏∗ contains 𝑎 since 𝜏  is a tracial state, and it contains 𝛼 by the theorem, thus 𝑥
is in the image. □

3 The AF Algebra 𝔄𝜃
What remains for the proof of Theorem 1.3 is to show that the image of 𝜏∗ is contained in
ℤ + ℤ𝜃. This is accomplished by imbedding 𝐴𝜃 in an AF algebra constructed from the continued
fraction expansion of 𝜃. This idea is due to Pimsner and Voiculescu [3].

Let 𝜃 ∈ [0, 1] an irrational number. Then there is a sequence (𝑎𝑛)𝑛≥1 of positive integers such
that lim𝑛→∞[𝑎1,…, 𝑎𝑛] = 𝜃 where

[𝑎1,…, 𝑎𝑛] =
1

𝑎1 + 1
𝑎2+ 1

…+ 1
𝑎𝑛

There are corresponding sequences (𝑝𝑛)𝑛≥0 and (𝑞𝑛)𝑛≥0, 𝑝𝑛 ≥ 0 and 𝑞𝑛 > 0 with 𝑝𝑛𝑞𝑛 = [𝑎1, .., 𝑎𝑛]
for 𝑛 ≥ 1. Furthermore, we have 𝑞0 = 1, 𝑞1 = 𝑎1, 𝑝0 = 0, 𝑝1 = 1 and the recursive relation

(𝑝𝑛+1𝑝𝑛
𝑞𝑛+1
𝑞𝑛
) = (𝑎𝑛+11

1
0)(

𝑝𝑛
𝑝𝑛−1

𝑞𝑛
𝑞𝑛−1

)

for 𝑛 ≥ 1. It is not hard to see that 1𝑞𝑛 → 0 as 𝑛 → ∞ geometrically fast. Since det(
𝑎𝑛
1

1
0) = −1,

this implies that det(
𝑝𝑛
𝑝𝑛−1

𝑞𝑛
𝑞𝑛−1

) = (−1)𝑛−1 by induction. One consequence is that 𝑝𝑛 and 𝑞𝑛
are coprime. Breaking into even and odd cases, we obtain the inequalities

𝑝2𝑛−2
𝑞2𝑛−2

< 𝑝2𝑛
𝑞2𝑛

<
𝑝2𝑛+1
𝑞2𝑛+1

< 𝑝2𝑛−1
𝑞2𝑛−1

(3.1)

for all 𝑛 ≥ 1. This means that the even terms increase towards 𝜃 while the odd terms decrease
towards 𝜃.

Let for 𝑛 ≥ 1, let 𝑋𝑛 ⊆ 𝑋 = ℝ/ℤ be the subgroup generated by [ 1𝑛]. This is a discrete subspace
containing 𝑛 points, so 𝐿2(𝑋𝑛) is generated by the 𝑛 linearly independent elements 𝑒2𝜋𝑘𝑖𝑡,
0 ≤ 𝑘 < 𝑛. Multiplication by 𝑒2𝜋𝑖𝑡 shifts these elements around cyclically, which gives a unitary
in 𝐵(𝐿2(𝑋𝑛)) ≅ 𝑀𝑛(ℂ) analogous to 𝑈 ∈ 𝐴𝜃. Similarly, for some 0 ≤ 𝑚 < 𝑛 𝑓(𝑡) ↦ 𝑓(𝑡 − 𝑚

𝑛 )
gives a diagonal unitary analogous to 𝑉 . In case 𝑛 = 𝑞𝑖 and 𝑚 = 𝑝𝑖 for some 𝑖 ≥ 1 we get 𝑈𝑛
and 𝑉𝑛 in 𝑀𝑞𝑛(ℂ) as above which will obey

𝑈𝑛𝑉𝑛 = 𝑒
2𝜋𝑖𝑝𝑛𝑞𝑛𝑉𝑛𝑈𝑛

Our goal will be to define ∗-homomorphisms 𝜑𝑛 : 𝑀𝑞𝑛(ℂ) ⊕𝑀𝑞𝑛−1(ℂ) → 𝑀𝑞𝑛+1(ℂ) ⊕𝑀𝑞𝑛(ℂ)
with multiplicites (

𝑎𝑛+1
1

1
0) (notice this implies the map sends 1 to 1) such that (𝑈𝑛 ⊕ 𝑈𝑛−1)𝑛≥1

and (𝑉𝑛 ⊕ 𝑉𝑛−1)𝑛≥1 are Cauchy sequences in the inductive limit given by the 𝜑𝑛, 𝔄𝜃. The first
consequence of this is that the limits 𝑈 ≔ lim𝑛→∞ 𝑈𝑛 ⊕ 𝑈𝑛−1 and 𝑉 ≔ lim𝑛→∞ 𝑉𝑛 ⊕ 𝑉𝑛−1 will
satisfy (1.1). Indeed, we have

𝑈𝑉 = lim
𝑛→∞

𝑈𝑛𝑉𝑛 ⊕ 𝑈𝑛−1𝑉𝑛−1 = lim
𝑛→∞

𝑒2𝜋𝑖
𝑝𝑛
𝑞𝑛𝑉𝑛𝑈𝑛 ⊕ 𝑒

2𝜋𝑖𝑝𝑛−1𝑞𝑛−1𝑉𝑛−1𝑈𝑛−1 = 𝑒2𝜋𝑖𝜃𝑉 𝑈

𝑈  and 𝑉  are also unitary, so by the universal property of 𝐴𝜃, it imbeds in 𝔄𝜃. Since the
multiplicites of the 𝜑𝑛 determine 𝔄𝜃, let us delay the construction of the 𝜑𝑛 to first demonstrate
the consequences of this imbedding.
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Proposition 3.1. 𝐾0(𝔄𝜃) = ℤ2, 𝐾0(𝔄𝜃)
+ ⊆ {(𝑥, 𝑦) ∈ ℤ2 : 𝜃𝑥 + 𝑦 ≥ 0} and (0, 1) is the class

of the identity map in 𝔄𝜃.

Before we begin the computation, recall the following important fact.

Theorem 3.2. Let (𝐴𝑖)𝑖≥1 and (𝜑𝑖)𝑖≥1 be an inductive system of 𝐶∗-algebras with inductive
limit 𝐴, (𝜓𝑖)𝑖≥1, then 𝐾0(𝐴), (𝜓𝑖∗)𝑖≥1 is the inductive limit of the induced inductive system of
abelian groups 𝐾0(𝐴𝑖))𝑖≥1, (𝜑𝑖∗)𝑖≥1. Moreover, 𝐾0(𝐴)+ = ⋃𝑛≥1 𝜓𝑛∗(𝐾0(𝐴𝑛)

+)

Proof. See [2, Theorem 6.3.2, p. 98] □

Proof of Proposition 3.1. Let 𝔄𝔫 ≔𝑀𝑞𝑛(ℂ) ⊕𝑀𝑞𝑛−1(ℂ). We have that
𝜑𝑛∗ : 𝐾0(𝔄𝑛) = ℤ2 → ℤ2 = 𝐾0(𝔄𝑛+1) can be written with respect to the standard basis as
the matrix 𝐴𝑛 = (

𝑎𝑛+1
1

1
0). These are all isomorphisms since the determinant is a unit in

ℤ, hence 𝐾0(𝔄𝜃), the inductive limit by Theorem 3.2, is ℤ2 and all the canonical maps
𝜓𝑛∗ : 𝐾0(𝔄𝑛) → 𝐾0(𝔄𝜃) are isomorphisms. Since they are also positive maps, fix 𝜓1∗(𝑝1, 𝑝0) and
𝜓1∗(𝑞1, 𝑞0) as a basis of positive elements ( (

𝑝1
𝑝0
), (𝑞1𝑞0) is a basis because the resulting column

matrix has determinant ±1. Thus the images by the isomorphism 𝜓1∗ yield a basis). By the
definition of 𝔄1, this latter basis element is the image of the class of the identity map on 𝔄1,
so is the class of the identity on 𝔄𝜃. We then see that with respect to this basis,

𝜓𝑛∗ = 𝐴−11 𝐴−12 …𝐴−1𝑛−1 = (
𝑝𝑛
𝑝𝑛−1

𝑞𝑛
𝑞𝑛−1

)
−1

= (−1)𝑛−1( 𝑞𝑛−1−𝑝𝑛−1
−𝑞𝑛
𝑝𝑛
)

Thus applying Theorem 3.2, every element of 𝐾0(𝔄𝜃)
+ is a positive linear combination of

(−𝑞2𝑛−1, 𝑝2𝑛−1) and (𝑞2𝑛, −𝑝2𝑛), 𝑛 ≥ 1. By the inequalities (3.1), 𝜃(−𝑞2𝑛−1) + 𝑝2𝑛−1 ≥ 0 and
𝜃𝑞2𝑛 − 𝑝2𝑛 ≥ 0, so by (positive) linearity, 𝜃𝑥 + 𝑦 ≥ 0 for any (𝑥, 𝑦) ∈ 𝐾0(𝔄𝜃)

+. □

Proposition 3.1 immediately gives us a state 𝜎 : (𝐾0(𝔄𝜃),𝐾0(𝔄𝜃)
+, [1]) → (ℝ,ℝ+, 1)

by 𝜎(𝑥, 𝑦) = 𝜃𝑥 + 𝑦 using our handy basis from the computation. Indeed, since
𝐾0(𝔄𝜃)

+ ⊆ {(𝑥, 𝑦) ∈ ℤ2 : 𝜃𝑥 + 𝑦 ≥ 0}, it is a positive homomorphism, and 𝜎([1]) = 𝜎(0, 1) = 1.
This is very useful given the following theorem on AF algebras:

Theorem 3.3. Let 𝐴 be an AF algebra. Then the map sending a tracial state 𝜏 : 𝐴 → ℂ to a
state 𝜏∗ : (𝐾0(𝐴),𝐾0(𝐴)+, [1]) → (ℝ,ℝ+, 1) is a bijection.

Proof. See [1, Theorem IV.5.3, p. 114]. □

The lift of 𝜎 to a trace will be the final piece of proof of Theorem 1.3. We must first, however,
construct the desired ∗-homomorphisms 𝜑𝑛. This will be done using a technique supplied by
the following lemma:

Lemma 3.4. (Intertchange Lemma): Let 𝐻 be a Hilbert space and suppose elements 𝑒𝑖, 𝑓𝑖
1 ≤ 𝑖 ≤ 𝑛 form a orthonormal set, with 𝑉 = span(𝑒0, .., 𝑒𝑛−1, 𝑓0,…, 𝑓𝑛−1). Let 𝑇 ∈ 𝐵(𝐻) with
𝑇𝑒𝑗 = 𝑒𝑗+1 and 𝑇𝑓𝑗 = 𝑓𝑗+1 for 0 ≤ 𝑗 < 𝑛. Then there exists an operator 𝑆 ∈ 𝐵(𝐻) such
𝑇 = 𝑆 on the orthoganal complement of 𝑉 , 𝑆(span(𝑒𝑗, 𝑓𝑗)) = span(𝑒𝑗+1, 𝑓𝑗+1) for 0 ≤ 𝑗 < 𝑛,
𝑆𝑛𝑒0 = 𝑓𝑛, 𝑆𝑛𝑓0 = 𝑒𝑛 and 𝑆𝑗𝑒0, 𝑆𝑗𝑓0 form an orthonormal basis for 𝑉 . Moreover ‖𝑆 − 𝑇‖ < 𝜋

𝑛 .

Proof. We define 𝑆 to simply be 𝑇  on the orthogonal complement of 𝑉 . The matrix
(01

1
0) is unitarily diaganolisable with eigenvalues 1,−1. Thus it has an 𝑛-th root which

is unitarily diagonalisable with eigenvalues 1, 𝑒𝜋 𝑖
𝑛 . Let us denote is Θ. On the restriction

𝑇𝑖 : span(𝑒𝑖, 𝑓𝑖) → span(𝑒𝑖+1, 𝑓𝑖+1) is the identity matrix with repsect to the obvious bases.
Thus we define the analogous 𝑆𝑖 as Θ. This defines 𝑆 on all of 𝐻.

8



By definition 𝑆 agrees with 𝑇  on the orthogonal complement of 𝑉  and it sends span(𝑒𝑗, 𝑓𝑗) onto
span(𝑒𝑗+1, 𝑓𝑗+1) for 0 ≤ 𝑗 < 𝑛. Since Θ𝑛 = (

0
1
1
0), we have 𝑆𝑛𝑒0 = 𝑓𝑛 and 𝑆𝑛𝑓0 = 𝑒𝑛. Since the

span(𝑒𝑖, 𝑓𝑖) are all orthogonal to one another and Θ is unitary, the 𝑆𝑖𝑒0, 𝑆𝑖𝑓0 are clearly an
orthonormal set, and by dimension must be a basis for 𝑉 . Finally,

‖𝑆 − 𝑇‖ = ‖Θ − 𝐼2‖ = |𝑒𝜋
𝑖
𝑛 − 1| < 𝜋

𝑛

□

Notice that applying Lemma 3.4 multiple times on an operator 𝑇  for mutually orthogonal
orthonormal sets will result in an operator 𝑆 with ‖𝑇 − 𝑆‖ < 𝜋

𝑛 , where 𝑛 is cardinality of the
smallest orthonormal set used.

Proposition 3.5. There is an element 𝑈 ′𝑛+1 ∈ 𝑀𝑞𝑛+1(ℂ) which is unitarily conjugate to
𝑈 (𝑎𝑛+1)𝑛 ⊕ 𝑈𝑛−1 with ‖𝑈𝑛 − 𝑈 ′𝑛‖ < 2𝜋

𝑞𝑛−1 .

Proof. Let 𝑒𝑗 be the elements of ℂ𝑞𝑛+1 = 𝐵(𝐿2(𝑋𝑞𝑛+1)) given by the 𝑒2𝜋𝑖𝑗𝑡. Hence, 𝑒𝑗 = 𝑒𝑗+𝑞𝑛+1
and 𝑈𝑛+1𝑒𝑗 = 𝑒𝑗+1. Let 𝑏 = ⌊𝑞𝑛2 ⌋, 𝑏

′ = ⌈𝑞𝑛2 ⌉ = 𝑞𝑛 − 𝑏 and 𝑠 = ⌈𝑞𝑛−12 ⌉. For each 1 ≤ 𝑘 ≤ 𝑎𝑛+1 we
use the Interchange Lemma on 𝑈𝑛+1 and 𝑓𝑗 = 𝑒−𝑘𝑏+𝑗, 𝑔𝑗 = 𝑒𝑘𝑏′+𝑗, 0 ≤ 𝑗 ≤ 𝑠, to define 𝑈 ′𝑛+1.
Clearly, we have ‖𝑈𝑛 − 𝑈 ′𝑛‖ < 2 𝜋

𝑞𝑛−1 . It is now enough to exhibit 𝑎𝑛+1 cycles of 𝑈 ′𝑛+1 of size 𝑞𝑛
and one of size 𝑞𝑛−1 which together form an orthonormal basis of ℂ𝑞𝑛+1 .

First start with 𝑔1𝑗 = 𝑒−𝑏+𝑗 for 𝑠 ≤ 𝑗 ≤ 𝑞𝑛. 𝑈 ′𝑛+1 sends 𝑔1𝑗  to 𝑔1𝑗+1 for 𝑠 ≤ 𝑗 < 𝑞𝑛. 𝑔1𝑞𝑛 = 𝑒𝑏′ ,
so for 0 ≤ 𝑗 < 𝑠, let 𝑔1𝑗 ∈ span(𝑒−𝑏+𝑗, 𝑒𝑏′+𝑗) be the elements obtained by applying 𝑈 ′𝑛+1
starting with 𝑔10 ≔ 𝑔1𝑞𝑛 = 𝑒𝑏′ . Then by the interchange, 𝑈 ′𝑛+1𝑔1𝑠−1 = 𝑔1𝑠 , so we have a cycle
of length 𝑞𝑛 and the elements form on orthonormal set. Now for 1 < 𝑘 ≤ 𝑎𝑛+1, we start
with 𝑔𝑘𝑗 = 𝑒−𝑘𝑏+𝑗 for 𝑠 ≤ 𝑗 ≤ 𝑏. Then, from the (𝑘 − 1)-th interchange, 𝑈 ′𝑛+1 shifts vectors
𝑔𝑘𝑗 ∈ span(𝑒−(𝑘−1)𝑏+(𝑗−𝑏), 𝑒(𝑘−1)𝑏′+(𝑗−𝑏)) for 𝑏 ≤ 𝑗 < 𝑏 + 𝑠, starting at 𝑔𝑘𝑏 = 𝑒−(𝑘−1)𝑏 and ending
at 𝑔𝑘𝑏+𝑠 = 𝑒(𝑘−1)𝑏′+𝑠. Then 𝑈 ′𝑛+1 takes 𝑔𝑘𝑗 ≔ 𝑒(𝑘−1)𝑏′+(𝑗−𝑏) to 𝑔𝑘𝑗+1 for 𝑏 + 𝑠 ≤ 𝑗 ≤ 𝑏 + 𝑏′ = 𝑞𝑛. So
𝑔𝑘𝑞𝑛 = 𝑒𝑘𝑏′ , and so the 𝑘-th interchanges means 𝑈 ′𝑛+1 takes elements 𝑔𝑘𝑗 ∈ span(𝑒−𝑘𝑏+𝑗, 𝑒𝑘𝑏′+𝑗)
to 𝑔𝑘𝑗+1, 0 ≤ 𝑗 < 𝑠, starting with 𝑔𝑘0 ≔ 𝑔𝑘𝑞𝑛 = 𝑒𝑘𝑏′ and ending up at 𝑔𝑘𝑠 = 𝑒−𝑘𝑏+𝑠, so
we get a cycle of length 𝑞𝑛. Despite using the (𝑘 − 1)-th interchange, this cycle
is still orthogonal to the 𝑘 − 1-th cycle since they start on “opposite sides” of it.
Finally, let 𝑔0𝑗 = 𝑒𝑎𝑛+1𝑏′+𝑗 for 𝑠 ≤ 𝑗 ≤ 𝑞𝑛−1. Then 𝑈 ′𝑛+1𝑔0𝑗 = 𝑔0𝑗+1 for 𝑠 ≤ 𝑗 < 𝑞𝑛 − 1. Since
𝑞𝑛+1 = 𝑎𝑛+1𝑞𝑛 + 𝑞𝑛−1, 𝑎𝑛+1𝑏′ + 𝑞𝑛−1 ≡ −𝑎𝑛+1𝑏mod 𝑞𝑛+1, so the 𝑎𝑛+1-th interchange means
there are elements 𝑔0𝑗 ∈ span(𝑒−𝑎𝑛+1𝑏+𝑗, 𝑒𝑎𝑛+1𝑏′+𝑗) which 𝑈 ′𝑛+1 shifts to 𝑔0𝑗+1, 0 ≤ 𝑗 < 𝑠, starting
with 𝑔00 ≔ 𝑔0𝑎𝑛+1𝑏′+𝑞𝑛−1=𝑒−𝑎𝑛+1𝑏 and ending at 𝑒𝑎𝑛+1𝑏′+𝑠, giving a cycle of length 𝑞𝑛−1. □

Keeping the notation from the proof of Proposition 3.5, for 1 ≤ 𝑘 ≤ 𝑎𝑛+1, 𝑔𝑘𝑗  makes sense for
any 𝑗 ∈ ℤ by extending using 𝑞𝑛-periodicity, and 𝑈 ′𝑛+1 shifts by +1 on 𝑗. The same holds for 𝑔0𝑗
but with 𝑞𝑛−1-periodicity. So letting 𝑒𝑘𝑗  (1 ≤ 𝑘 ≤ 𝑎𝑛+1, 0 ≤ 𝑗 < 𝑞𝑛) and 𝑒0𝑗  (0 ≤ 𝑗 < 𝑞𝑛−1) denote
the basis for a block diagonal decomposition of a 𝑞𝑛+1 × 𝑞𝑛+1 matrix into 𝑎𝑛+1 𝑞𝑛 × 𝑞𝑛 blocks
and one 𝑞𝑛−1 × 𝑞𝑛−1 block, We can write 𝑈 ′𝑛+1 as 𝑊(𝑈 (𝑎𝑛+1)𝑛 ⊕ 𝑈𝑛−1)𝑊 ∗ with the unitary
𝑊 ∈ 𝑀𝑞𝑛+1(ℂ) sending 𝑒𝑘𝑗  to 𝑔𝑘𝑗+𝑐𝑘 , for any fixed integers 𝑐𝑘, 0 ≤ 𝑘 ≤ 𝑎𝑛+1.

Given a choices of 𝑐𝑘, we can define

𝜑𝑛 : 𝔄𝑛 → 𝔄𝑛+1, 𝐵𝑛 ⊕𝐵𝑛−1 ↦𝑊(𝐵(𝑎𝑛+1)𝑛 ⊕𝐵𝑛−1)𝑊 ∗ ⊕𝐵𝑛

Since 𝑊  is unitary this is a ∗-homomorphism with multiplicites (
𝑎𝑛+1
1

1
0).
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Proposition 3.6. There is a choice of 𝑐𝑘 such that ‖𝑉𝑛+1 − 𝜑𝑛(𝑉𝑛 ⊕ 𝑉𝑛−1)‖ < 4𝜋
𝑞𝑛
+ 2𝜋

𝑞𝑛−1 .

Proof. For simplicity, let 𝜆𝑘 = 𝑒
−2𝜋𝑖𝑝𝑘𝑞𝑘  for 𝑘 ≥ 1. Let 𝑏, 𝑏′ and 𝑠 be as in the proof of Proposition

3.5. 𝑝𝑛−1 and 𝑞𝑛−1 are coprimes, so 𝜆𝑛−1 generates the cyclic subgroup of order 𝑞𝑛−1 in 𝕋, thus
we can find a 𝑚 ∈ ℤ such that |𝜆𝑚𝑛−1 − 𝜆

𝑎𝑛+1𝑏′
𝑛+1 | < 2𝜋

𝑞𝑛−1 . Set 𝑐0 = 𝑚. We set 𝑐𝑘 = −𝑘𝑏 for 𝑘 ≥ 1.
This will mean that 𝑉 ′𝑛+1𝑔𝑘𝑗 = 𝜆𝑗−𝑘𝑏𝑛 𝑔𝑘𝑗 .

Let 𝑉 ′𝑛+1 = 𝜑𝑛(𝑉𝑛 ⊕ 𝑉𝑛−1). Then we see from the proof of Proposition 3.5 that 𝑉 ′𝑛+1 has
𝑔𝑘𝑗 = 𝑒−𝑘𝑏+𝑗, 𝑠 ≤ 𝑗 ≤ 𝑏 and 𝑔𝑘𝑗+𝑏 = 𝑒(𝑘−1)𝑏′+𝑗, 𝑠 ≤ 𝑗 ≤ 𝑏′, for any 1 ≤ 𝑘 ≤ 𝑎𝑛+1. There is also
𝑔0𝑗 = 𝑒𝑎𝑛+1𝑏′+𝑗 for 𝑠 ≤ 𝑗 ≤ 𝑞𝑛−1. These are all also eigenvectors of 𝑉𝑛+1 by definition. Moreover,
the subspaces 𝐸𝑘,𝑗 = span(𝑒−𝑘𝑏+𝑗, 𝑒𝑘𝑏′+𝑗) = span(𝑔𝑘𝑗 , 𝑔

𝑘+1
𝑗+𝑏  for 0 < 𝑗 < 𝑠 and 1 ≤ 𝑘 < 𝑎𝑛+1 are

stable for both 𝑉 ′𝑛+1 and 𝑉𝑛. Indeed, the elements of the sequences 𝑔𝑘 and 𝑔𝑘+1 forming these
subspaces are precisely the elements spanning each step of the 𝑘-th interchange, with one
sequence going from the 𝑓𝑖 to 𝑔𝑖 (as in the notation for the interchanges from the proof of
Proposition 3.5), and the other going the opposite direction. Finally, we have the subspaces
𝐸0,𝑗 = span(𝑒−𝑎𝑛+1𝑏+𝑗, 𝑒𝑎𝑛+1𝑏′+𝑗) = span(𝑔

𝑎𝑛+1
𝑗 , 𝑔0𝑗) for 0 < 𝑗 < 𝑠, which are also fixed by both

𝑉𝑛1 and 𝑉 ′𝑛+1 by the same argument. The 𝐸𝑘,𝑗 and 1-dimensional subspaces generated by the
above eigenvalues are mutually orthogonal and stable under 𝑉𝑛+1 − 𝑉 ′𝑛+1, so we can proceed
by estimating the error on each one individually.

We start with the cases where 𝑘 ≥ 1. For 𝑒−𝑘𝑏+𝑗 = 𝑔𝑘𝑗 , 𝑠 ≤ 𝑗 ≤ 𝑏, due to our choice of 𝑐𝑘,
we have ‖(𝑉 ′𝑛+1 − 𝑉𝑛+1)𝑒−𝑘𝑏+𝑗‖ = |𝜆𝑗−𝑘𝑏𝑛 − 𝜆𝑗−𝑘𝑏𝑛+1 |. In general, |𝑒2𝜋𝑖 𝑎𝑚 − 𝑒2𝜋𝑖𝑎

′
𝑚 | < 2𝜋

𝑚 |𝑎 − 𝑎′|. So
putting 𝑝𝑛𝑞𝑛  and 𝑝𝑛+1𝑞𝑛+1  on a common denominator, we get |𝜆𝑗−𝑘𝑏𝑛 − 𝜆𝑗−𝑘𝑏𝑛+1 | < 2𝜋

𝑞𝑛𝑞𝑛+1
|𝑗 − 𝑘𝑏|, since

𝑝𝑛𝑞𝑛+1 − 𝑞𝑛𝑝𝑛+1 = ±1. |𝑗 − 𝑘𝑏| < |𝑎𝑛+1𝑏|, so we get an upper bound of 2𝜋𝑞𝑛 . Similarly, for
𝑔𝑘𝑗+𝑏 = 𝑒(𝑘−1)𝑏′+𝑗, 𝑠 ≤ 𝑗 ≤ 𝑏′, we also have ‖(𝑉 ′𝑛+1 − 𝑉𝑛+1)𝑒𝑘𝑏′+𝑗‖ < 2𝜋

𝑞𝑛 . On 𝐸𝑘,𝑗, 0 < 𝑗 < 𝑠, we
have

𝑉 ′𝑛+1𝑔𝑘𝑗 = 𝜆𝑗−𝑘𝑏𝑛 𝑔𝑘𝑗 𝑉 ′𝑛+1𝑔𝑘+1𝑗+𝑏 = 𝜆𝑗+𝑏−(𝑘+1)𝑏𝑛 𝑔𝑘+1𝑗+𝑏 = 𝜆𝑗−𝑘𝑏𝑛 𝑔𝑘+1𝑗+𝑏

So 𝑉 ′𝑛+1 just acts as 𝜆𝑗−𝑘𝑏𝑛 𝐼2 on 𝐸𝑘,𝑗. Furthermore, 𝑘𝑏′ ≡ −𝑘𝑏mod 𝑞𝑛, so 𝜆𝑘𝑏′+𝑗𝑛 = 𝜆𝑗−𝑘𝑏𝑛 . Hence
‖(𝑉 ′𝑛+1 − 𝑉𝑛+1)𝑒𝑘𝑏′+𝑗‖ = |𝜆𝑘𝑏

′+𝑗
𝑛 − 𝜆𝑘𝑏

′+𝑗
𝑛+1 | < 2𝜋

𝑞𝑛  and likewise for ‖(𝑉 ′𝑛+1 − 𝑉𝑛+1)𝑒−𝑘𝑏+𝑗‖, which
gives the same bound for the 𝐸𝑘,𝑗.

To finish we consider the case 𝑘 = 0. On 𝑒𝑎𝑛+1𝑏′+𝑗 = 𝑔
0
𝑗 , 𝑠 ≤ 𝑗 ≤ 𝑞𝑛−1, we have

‖(𝑉 ′𝑛+1 − 𝑉𝑛+1)𝑒𝑎𝑛+1𝑏′+𝑗‖ = |𝜆
𝑗+𝑐0
𝑛−1 − 𝜆

𝑎𝑛+1𝑏′+𝑗
𝑛+1 | ≤ |𝜆𝑐0𝑛−1 − 𝜆

𝑎𝑛+1𝑏′
𝑛+1 | + |𝜆𝑗𝑛−1 − 𝜆

𝑗
𝑛+1|

The first term is bounded by 2𝜋
𝑞𝑛−1 . For the second one, we must must estimate

2𝜋
𝑞𝑛−1𝑞𝑛+1

𝑗 |𝑝𝑛−1𝑞𝑛+1 − 𝑞𝑛−1𝑝𝑛+1|. 𝑗 ≤ 𝑞𝑛−1 and

𝑝𝑛−1𝑞𝑛+1 − 𝑞𝑛−1𝑝𝑛+1 = 𝑎𝑛+1𝑝𝑛−1𝑞𝑛 + 𝑝𝑛−1𝑞𝑛−1 − 𝑎𝑛+1𝑞𝑛−1𝑝𝑛 − 𝑞𝑛−1𝑝𝑛−1 = ±𝑎𝑛+1

so 2𝜋
𝑞𝑛−1𝑞𝑛+1

𝑗 |𝑝𝑛−1𝑞𝑛+1 − 𝑞𝑛−1𝑝𝑛+1| ≤
2𝜋𝑎𝑛+1
𝑞𝑛+1

≤ 2𝜋
𝑞𝑛 , for a total bound of 2𝜋

𝑞𝑛−1
+ 2𝜋

𝑞𝑛 . On 𝐸0,𝑗,

‖𝑉𝑛+1|𝐸0,𝑗 − 𝜆
𝑗−𝑎𝑛+1𝑏
𝑛+1 𝐼2‖ = |𝜆

𝑎𝑛+1𝑏′+𝑗
𝑛+1 − 𝜆𝑗−𝑎𝑛+1𝑏𝑛+1 | = |𝜆𝑎𝑛+1𝑞𝑛𝑛+1 − 1| < 2𝜋

𝑞𝑛

and

‖𝑉 ′𝑛+1|𝐸0,𝑗 − 𝜆
𝑗−𝑎𝑛+1𝑏
𝑛+1 𝐼2)‖ = max(|𝜆

𝑗−𝑎𝑛+1𝑏
𝑛 − 𝜆𝑗−𝑎𝑛+1𝑏𝑛+1 |, |𝜆𝑗+𝑐0𝑛−1 − 𝜆

𝑗−𝑎𝑛+1𝑏
𝑛+1 |)
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This is the maximum of 2𝜋𝑞𝑛  and 2𝜋𝑞𝑛−1 +
2𝜋
𝑞𝑛 , which is the latter. So by the triangle inequality, the

error on 𝐸0,𝑗 is bounded by 2𝜋
𝑞𝑛−1

+ 4𝜋
𝑞𝑛 . This is the largest of the bounds obtained so far, so we

conclude that ‖𝑉 ′𝑛+1 − 𝑉𝑛‖ < 2𝜋
𝑞𝑛−1

+ 4𝜋
𝑞𝑛 , as desired. □

Corollary 3.7. The classes of 𝑈𝑛 ⊕ 𝑈𝑛−1 and 𝑉𝑛 ⊕ 𝑉𝑛−1 in 𝔄𝜃 form Cauchy sequences in 𝔄𝜃.

Proof.

‖𝑈𝑛 ⊕ 𝑈𝑛−1 − 𝑈𝑛+1 ⊕ 𝑈𝑛‖ ≤ ‖𝜑𝑛(𝑈𝑛 ⊕ 𝑈𝑛−1) − 𝑈𝑛+1 ⊕ 𝑈𝑛‖ ≤ ‖𝑈 ′𝑛+1 − 𝑈𝑛+1‖ ≤
2𝜋
𝑞𝑛−1

and similarly we see that ‖𝑉𝑛 ⊕ 𝑉𝑛−1 − 𝑉𝑛+1 ⊕ 𝑉𝑛‖ < 2𝜋
𝑞𝑛−1

+ 4𝜋
𝑞𝑛 . Both of these bounds decrease

geometrically fast so it follows the sequences are Cauchy. □

Proof of Theorem 1.3. As discussed earlier, Corollary 3.7 implies that there is an imbedding
𝑖 : 𝐴𝜃 → 𝔄𝜃. By Theorem 3.3, there is a tracial state 𝔱 : 𝔄𝜃 → ℂ with 𝔱′∗ = 𝜎, the state from
Proposition 3.1. Then by uniqueness, 𝜏 = 𝔱 ∘ 𝑖. It is clear from the definitions of the induced
maps on 𝐾0 that 𝜏∗ = 𝜎 ∘ 𝑖∗, and so it follows that the image of 𝜏∗ is contained in ℤ + ℤ𝜃, hence
equals ℤ + ℤ𝜃 by Theorem 2.5. This gives (𝑖) ⇒ (𝑖𝑖𝑖), and so proves our theorem. □
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